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Abstract
We investigate the existence problem of group invariant matrices using
algebraic approaches. We extend the usual concept of multipliers to group
rings with cyclotomic integers as coefficients. This concept is combined
with the field descent method and rational idempotents to develop new
non-existence results.
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1 Introduction
A weighing matrix M = W (v, n) is a square matrix of order v with entries
0,±1, and satisfying
MMT = nI,
for some positive integer n, where I is the identity matrix. The integer n is
called the weight of the matrix. The most important question in the study of
weighing matrices is: For what values of v and n, does there exist a W (v, n)?
For the special case where v = n, the weighing matrix is an Hadamard matrix.
Hadamard matrices have been studied intensively, see [36] for an overview. For
a survey of weighing matrices, see [20]. See [32, 24, 22, 15, 14, 37, 18, 31, 41, 16]
for further references.
For our studies, we only focus on weighing matrices which are invariant under
a group operation. Let G be a group of order v. A matrix M = (mf,h)f,h∈G
indexed with the elements of G is said to be G-invariant if mfk,hk = mf,h for
all f, h, k ∈ G. Notice that a group invariant matrix can be identified solely by
its first row.
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If G is a cyclic group, then a G-invariant weighing matrix is circulant. Cir-
culant weighing matrices have been studied much more intensively compared
to other group invariant weighing matrices. We denote a circulant weighing
matrix by CW (v, n).
In the present paper, we prove the non-existence of infinite families of group
invariant weighing matrices. Our algebraic approaches mainly consist of the
“F-bound”, generalized multiplier theorems, analysis of cyclotomic integers of
prescribed absolute value and rational idempotents. In particular, we solve 19
open cases of circulant weighing matrices of order less than 200. We append
the most updated version of Strassler’s table concerning the existence status of
circulant weighing matrices of order at most 200 and weight at most 100; see
Table 3. Detailed references for each case are provided as well. In addition, we
solve some open cases in the table of group invariant weighing matrices of [4],
where the group is abelian but non-cyclic. Summary of these results are shown
in Table 4. In this paper, all previously known results are labeled as “Result
xyz”.
This paper generalizes some of the results of the author’s thesis [39] to
abelian groups. Previously, these results were shown only for cyclic groups.
2 Preliminaries
Let G be a finite abelian group and ζu be a primitive u-th root of unity. The
cyclotomic group ring Z[ζu][G], is a ring that consists of elements of the form
X =
∑
g∈G
Xgg
with Xg ∈ Z[ζu]. We call Xg the cyclotomic coefficient of g in X .
A group homomorphism G → H is always assumed to be extended to a
group ring homomorphism Z[ζu][G] → Z[ζu][H ] by linearity. Similarly, given a
character χ of G, we define χ(X) =
∑
g∈GXgχ(g).
Let t be an integer coprime to u|G| and σt ∈ Gal(Q(ζu)/Q) be the automor-
phism defined by ζσtu = ζ
t
u. We define
X(t) =
∑
g∈G
Xσtg g
t.
Note that X(−1) =
∑
g∈GXgg
−1, where the bar denotes complex conjugation.
An element ±ζeugX for some g ∈ G and e ∈ Z is called a translate of X . We
say that X , Y ∈ Z[ζu] are equivalent if there are σ ∈ Gal(Q(ζu)/Q) and a root
of unity η with Y = ηXσ.
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Note that when u = 1, the coefficient ring is the ring of integer. Given D =∑
g∈G agg ∈ Z[G], we call the set of group elements with non-zero coefficients
in D the support of D, written as
supp(D) = {g ∈ G : ag 6= 0} .
For a subset S of G, we will also use the same symbol S to denote the corre-
sponding group ring element
∑
g∈S g.
We can identify a G-invariant matrix M = (mf,h) with the group ring ele-
ment D =
∑
g∈Gm1,gg of Z[G]. Note that M
T is identified with D(−1) in Z[G]
under this correspondence. Hence, a G-invariant weighing matrix of order v and
weight n is equivalent to an element D of Z[G] with coefficients 0,±1 only and
satisfies
DD(−1) = n.
This is the formulation we will use in the rest of our paper. Note that a weighing
matrix D =
∑
g∈G agg has weight n =
∑
g∈G a
2
g. The weight must be a square,
as n is also equal to |∑g∈G ag|2.
A weighing matrix D ∈ Z[G] is said to be proper if Dg /∈ Z[H ] for all
g ∈ G and all proper subgroup H of G. In this paper, we consider only proper
group invariant weighing matrices. We call two weighing matrices D,E ∈ Z[G]
equivalent if there are g ∈ G and t ∈ Z with gcd(t, |G|) = 1 such that E =
±D(t)g.
Consider the natural projection from G to H . The image of a weighing
matrix under this projection is called integer weighing matrix. An integer
weighing matrix is denoted by IWa(v, n), where a is a positive integer. It is de-
fined the same way as weighing matrixW (v, n), but with the entries not confined
to {0,±1} but to {0,±1,±2, . . . ,±a} instead. We denote an integer circulant
weighing matrix by ICWa(v, n). Note that we remove the subscript a when
a = 1.
In this paper, we let Cv denote the cyclic group of order v. For a divisor u
of v, we always view Cu as a subgroup of Cv. The identity element of a group
is denoted by 1. For a prime p and integer x, let x(p) be the p-free part of x,
i.e., x = x(p)pa where x(p) is coprime to p. For relatively prime integers t and
s, we denote the multiplicative order of t modulo s by ords(t). In addition, we
denote the number of distinct prime divisors of an integer u by δ(u) and the
Euler totient function by ϕ.
The following is a standard result, see [12, VI, Lem. 3.5].
Result 2.1 (Inversion Formula). Let G be an abelian group and Gˆ be the group
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of complex characters of G. Let D =
∑
g∈G agg ∈ Z[G]. Then
ag =
1
|G|
∑
χ∈Gˆ
χ(Dg−1)
for all g ∈ G.
The following result is a consequence of Result 2.1.
Result 2.2. Let G be an abelian group of order v. Suppose D ∈ Z[G] has
coefficients in {0,±1, . . . ,±a} for some integer a. Then D is a G-invariant
IWa(v, n) if and only if χ(D)χ(D) = n for all χ ∈ Gˆ.
The following is a result by Kronecker [13, Section 2.3, Thm. 2].
Result 2.3 (Kronecker). An algebraic integer all of whose conjugates have ab-
solute values equal to 1 is a root of unity.
Definition 2.4. Let p be a prime and v be a positive integer. If there is an
integer j with pj ≡ −1 mod v(p), then p is called self-conjugate modulo v. A
composite integer n is called self-conjugate modulo v if every prime divisor of n
has this property.
The reader may refer to [39, Re. 1.3.7] for the proof of the following result.
Result 2.5. Let q and p be distinct primes where q is odd and ordq(p) is even.
If |X |2 = pf for X ∈ Z[ζqc ] and some positive integers c, f , then f is even.
Result 2.6 (Turyn [40]). Assume that X ∈ Z[ζv] satisfies
XX ≡ 0 mod t2b
where b, t are positive integers, and t is self-conjugate modulo v. Then
X ≡ 0 mod tb.
Result 2.7 (Ma [29]). Let p be a prime and let G be a finite abelian group
with a cyclic Sylow p-subgroup. If Y ∈ Z[G] satisfies χ(Y ) ≡ 0 mod pa for all
non-trivial characters χ of G, then there exist X1, X2 ∈ Z[G] such that
Y = paX1 + PX2,
where P is the unique subgroup of order p of G.
An element X of Z[ζv] can be expressed uniquely in terms of an integral
basis of Q(ζv) over Q. Note that throughout this paper, we use the integral
basis B as defined in the following result. See [33, Lem. 2.4] for a proof.
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Result 2.8. Let u =
∏δ(u)
i=1 q
ai
i be the prime power decomposition of u. Then
B =


δ(u)∏
i=1
ζkiqi ζ
li
q
ai
i
: 0 ≤ ki ≤ qi − 2, 0 ≤ li ≤ qai−1i − 1


is an integral basis of Q(ζu) over Q. Suppose X ∈ Z[ζu] has the form:
X =
u−1∑
j=0
bjζ
j
u,
where b0, . . . , bu−1 are integers with |bj | ≤ C for some constant C. Then, if we
express X in terms of the integral basis B, we will have
X =
∑
x∈B
cxx
where the integers cx satisfy |cx| ≤ 2δ(u)C for all x ∈ B.
The reader may refer to the proof of the following corollary in [39, Cor.
1.3.14].
Corollary 2.9. Let X ∈ Z[ζ2c ] such that |X |2 = n. Let B =
{
1, ζ2c , . . . , ζ
2c−1−1
2c
}
.
Write X =
∑
x∈B cxx, where cx is an integer for each x ∈ B. Then, |cx| ≤
√
n
for each x ∈ B.
The following notations and definitions are required in order to use the field
descent method [33]. For a prime p and a positive integer t, let νp(t) be defined
by pνp(t)||t, i.e., pνp(t) is the highest power of p dividing t. By D(t) we denote
the set of prime divisors of t.
Definition 2.10. Let v, n be integers greater than 1. For q ∈ D(n), let
µq =
{ ∏
p∈D(v)\{q} p if v is odd or q = 2,
4
∏
p∈D(v)\{2,q} p otherwise.
Set
b(2, v, n) = max
q∈D(n)\{2}
{
ν2(q
2 − 1) + ν2(ordµq (q))− 1
}
and
b(r, v, n) = max
q∈D(n)\{r}
{
νr(q
r−1 − 1) + νr(ordµq (q))
}
for primes r > 2 with the convention that b(2, v, n) = 2 if D(n) = {2} and
b(r, v, n) = 1 if D(n) = {r}. We define
F (v, n) = gcd

v, ∏
p∈D(v)
pb(p,v,n)

 .
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Note that we define an empty product as 1.
The following result was proved in [34, Thm. 2.2.8].
Result 2.11. Assume XX = n for X ∈ Z[ζv] where n and v are positive
integers. Then
Xζjv ∈ Z[ζF (v,n)]
for some integer j.
We use the following important consequence of Result 2.11.
Result 2.12 (F-bound). Let X ∈ Z[ζv] be of the form
X =
v−1∑
i=0
aiζ
i
v
with |ai| ≤ C for some constant C and assume that n = XX is an integer.
Then
n ≤ C
2F (v, n)2
ϕ(F (v, n))
.
3 Multiplier Theorems
Multipliers were first introduced for the studies of difference sets. Arasu and
Seberry [11] were the first to notice its applications to the studies of circulant
weighing matrices. Arasu and Ma [9] extended the concept of multipliers from
integer group rings to cyclotomic group rings, which helps to tackle cases where
gcd(v, n) > 1. However, their result only covers cyclic groups. We will generalize
their result to abelian groups and give a simpler proof.
Definition 3.1. Let X ∈ Z[ζu][G] where G is an abelian group and u is a
positive integer. An integer t with gcd(t, u|G|) = 1 is called a multiplier of X
if
X(t) = ±ζeugX
for some g ∈ G and e ∈ Z.
The following classical multiplier theorem is due to McFarland, see [30, Thm.
9.1].
Result 3.2 (McFarland). Let G be a finite abelian group of order v and exponent
e. Let D ∈ Z[G] such that
DD(−1) ≡ n mod G
where gcd(v, n) = 1. Let
n = pe11 · · · pess
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where the pi’s are distinct primes. Let t be an integer with gcd(v, t) = 1 and
suppose there are integers f1, · · · fs such that
t ≡ pf11 ≡ . . . ≡ pfss mod e.
Then t is a multiplier of D. Furthermore, D has a translate D′ = Dg, g ∈ G,
such that
D′(t) = D′.
In the following, we present a partial generalization of Theorem 3.3 in [9].
Note that it contains McFarland’s result as a special case. We need the following
lemma.
Lemma 3.3. Let X ∈ Z[ζu][G] where G is an abelian group and u is a positive
integer. If XX(−1) = 1, then X = ±ζeug for some g ∈ G and e ∈ Z.
Proof. Write X =
∑
g∈GXgg with Xg ∈ Z[ζu]. From XX(−1) = 1 we get
∑
g∈G
|Xg|2 = 1.
This implies ∑
g∈G
|Xσg |2 =

∑
g∈G
|Xg|2


σ
= 1σ = 1
for all σ ∈ Gal(Q(ζu)/Q). Hence |Xσg | ≤ 1 for all g ∈ G and σ ∈ Gal(Q(ζu)/Q).
Now Result 2.3 implies that there is g ∈ G such that Xg = ±ζeu, for some integer
e and Xk = 0 for all k 6= g.
Theorem 3.4 (Generalized Multiplier Theorem). Let X ∈ Z[ζu][G] where G is
an abelian group and u is a positive integer. Let v = lcm(u, exp(G)). Suppose
that
XX(−1) = n, (1)
where n is a positive integer with gcd(n, |G|) = 1. Suppose t is an integer that
fixes all prime ideals of n in Z(ζv). Then t is a multiplier of X.
Proof. Write F = X(t)X(−1). Let χ be any character of G. Then |χ(X)|2 = n
by (1). Note that χ(X(t)) = χ(X)σt . Since σt fixes all prime ideals above n in
Q(ζv), we conclude that Z[ζv]χ(X
(t)) and Z[ζv]χ(X) have the same prime ideal
factorization. Since χ(X)χ(X) ≡ 0 ( mod n), we conclude χ(F ) = χ(X(t))χ(X) ≡
0 (mod n). Since (n, |G|) = 1, Result 2.1 implies F ≡ 0 (mod n), say F = nE
with E ∈ Z[ζu][G]. Then |χ(E)|2 = 1 for all characters χ of G. Hence
EE(−1) = 1 by Result 2.1 and thus E = ±ζeug for some integer e and g ∈ G by
Lemma 3.3.
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We conclude
±ζeugnX = EnX = FX = X(t)X(−1)X = X(t)n.
This implies X(t) = ±ζeugX .
Corollary 3.5. Let X ∈ Z[ζu][G] where G is an abelian group and u is a
positive integer. Let v = lcm(u, exp(G)). Suppose t is a multiplier of X and
X(t) = ±ζeugX for some g ∈ G and integer e.
(a) If gcd(t− 1, u) = 1, then there is a translate Y of X where Y (t) = ±gY .
(b) If gcd(t − 1, exp(G)) = 1, then there is a translate Y of X where Y (t) =
±ζeuY .
(c) If gcd(t− 1, v) = 1, then there is a translate Y of X where Y (t) = ±Y.
Proof. If gcd(t − 1, u) = 1, let Y = ζfuX , where f is an integer such that
(1 − t)f ≡ e mod u, then we get Y (t) = ±gY . If gcd(t − 1, exp(G)) = 1, let
Y = hX where h ∈ G satisfies ht−1 = g−1, then we get Y (t) = ±ζeuY . If
gcd(t− 1, v) = 1, let Y = ζfuhX , then we get Y (t) = ±Y.
Corollary 3.6. Let p be an odd prime and u be a positive integer coprime to
p. Let V be an abelian p-group of exponent pd. Let X ∈ Z[ζu][V ] such that
XX = k2 for some positive integer k coprime to p. Suppose t is a multiplier of
X where t ≡ 1 mod u. Then we can replace X by a translate so that X(t) = X.
Proof. Since t−1 ≡ 0 mod u and gcd(u, p) = 1, we deduce that gcd(t−1, p) = 1.
It follows from Corollary 3.5 that we may assume X(t) = zX where z = ǫζeu
for some ǫ ∈ {±1} and integer e. For a group element g in V , let Xg be the
cyclotomic coefficient of g in X . Then X
(t)
g = zXgt . Note that t ≡ 1 mod u
implies X
(t)
g = Xg. We conclude
Xg = zXgt . (2)
In particular, when g = 1, we have X1 = zX1. This implies either z = 1 or
X1 = 0. Let ρ be the trivial character of V . Then ρ(X) =
∑
g∈V Xg. Consider
the sequence of orbits under the map g 7→ gt on V , sorted in non-decreasing
order of the orbit size. Let si denote the size of the i-th orbit. Then (2) implies
ρ(X) = X1 +
∑
i>1
Yi(1 + z + z
2 + . . .+ zsi−1)
where Yi is the cyclotomic coefficient of an element gi in X , where gi belongs
to the i-th orbit. In the following, we show that z is a w-th root of unity. Let
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s = ordpd(t) and w = ordp(t). Using (2), we have
Xg = z
sXgts = z
sXg
for all g ∈ V . This implies either zs = 1 or Xg = 0 for all g ∈ V . The latter
is impossible, as otherwise X = 0. Hence, zs = 1. Since s is divisible by w
and gcd(p, 2u) = 1, we deduce zw = 1. As a result, for any i > 1, since si is
a multiple of w, we have 1 + z + z2 + . . . + zsi−1 = 0 if z is not equal to 1.
Consequently, ρ(X) = 0. This cannot be true because ρ(X)ρ(X) = k2. Hence,
z = 1.
4 Results
We divide our non-existence results on group invariant weighing matrices into
three subsections based on the different approaches employed: the field descent
method, the generalized multiplier theorems, and the rational idempotent/Weil
number approach.
4.1 Field Descent Method
In the following, we apply the F-bound stated as Result 2.12 to give an upper
bound on the weight of a group invariant weighing matrix.
Corollary 4.1. Let G be an abelian group of order v. Let w be the exponent of
G and let h = v/w. If D is a G-invariant IWa(v, n), then
n ≤ a
2h2F (w, n)2
ϕ(F (w, n))
.
Proof. Let H be a subgroup of G of order h such that G/H is cyclic. Write
G = Cw ×H and let g be a generator of Cw. Write D =
∑w−1
i=0
∑
h∈H ai,hg
ih,
where |ai,h| ≤ a. Let χ be a character of G of order w which is trivial on H .
Then χ(D) =
∑w−1
i=0 biζ
i
u where |bi| ≤ ah. By Result 2.2, |χ(D)|2 = n. Now the
assertion is proved using the F-bound (Result 2.12).
This result alone is enough to rule out some infinite families of group invari-
ant weighing matrices. In particular, we settle the following open cases from
Strassler’s table and the table of group invariant weighing matrices in [4].
Theorem 4.2. CW (v, n) do not exist for all parameters (v, n) listed in Table
1. In the table, c, d, e and f are any non-negative integers. In addition, let
v, w and n be as listed in Table 2. Then G-invariant IW (v, n) does not exist
for any abelian group G where its order is v and its exponent is divisible by w.
Note that the last column of the Table 1 shows the particular values of v and n
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which correspond to some previously open cases in Strassler’s table. The second
column of Table 1 showcases the F -value for each case.
Table 1: CW (v, n)s in violation of Corollary 4.1
CW (v, n) F (v, n) CW (v, n)
(2c, 72e+2) 24 (128, 49)
(3.7d, 22e+6) 3.7 (147, 64)
(3c13d, 32f+4) 3.13 (117, 81)
(2c5d, 22e+252f+2) 22.5 (160, 100)
(2c11d, 22e+252f+2) 22.11 (176, 100)
(2c3d, 22e+252f+2) 23.3 (192, 100)
Table 2: IW (v, n)s in violation of Corollary 4.1
IW (v, n) w
(2c, 22e+6) 2c−1
(3c, 72e+2) 3c−1
Next we utilize another important concept of the field descent method: the
decomposition of group ring elements into two parts, one part corresponding to
the subfield given by the field descent and a second part corresponding to the
kernel of a map from the integral group ring to a group ring with cyclotomic
integers as coefficients. See [28, Thm. A] for the details. The following non-
existence result relies upon such a decomposition.
Theorem 4.3. Let a, b, e, w be positive integers where w is odd and let p be
an odd prime with gcd(p, w) = 1. Suppose that gcd(p−1, w) = 1 or that ords(p)
is even for every prime divisor s of gcd(p − 1, w). If a proper ICWa(pbw, p2e)
exists, then p ≤ 4a and an ICW2a(w, p2e) exists.
Proof. Write v = pbw and let D be an ICWa(v, p
2e). Let t be a primitive root
mod p and let γ be generator of Cpb . Since gcd(p
b, F (pbw, p2e)) = p, by [28,
Thm. 3.4], there is h ∈ Cv such that
Dh = Dw
p−1∑
i=1
(
(−1)ℓg)i γpb−1ti + Y Cp (3)
where Dw ∈ Z[Cw ], ℓ ∈ {0, 1}, Y ∈ Z[Cv ], and g is an element of Cw of order
dividing p− 1.
We first show ℓ = 0. Suppose ℓ = 1. Let χ be character of Cv with
χ(γp
b−1
) = ζp which is trivial on Cw . Then χ(Dh) = χ(Dw)
∑p−1
i=1 (−1)iζt
i
p .
Note that |∑p−1i=1 (−1)iζtip |2 = p by [23, Prop. 8.2.2, p. 92]. As |χ(D)|2 = p2e,
we conclude |χ(Dw)|2 = p2e−1, which is impossible, as χ(Dw) is an integer. This
proves ℓ = 0.
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Next, we show g = 1. Suppose g 6= 1. As the order of g divides p− 1, there
is a prime divisor s of gcd(p− 1, w) which divides the order of g. Furthermore,
ords(p) is even by assumption. Let τ be a character of Cv with τ(γ
pb−1 ) = ζp
and τ(g) = ζs such that the order of τ is p
bsm, for some positive integer m.
Then τ(Dh) = τ(Dw)
∑p−1
i=1 ζ
i
sζ
ti
p by (3), as ℓ = 0. Note that |
∑p−1
i=1 ζ
i
sζ
ti
p |2 = p
by [23, Prop. 8.2.2, p. 92]. As |τ(D)|2 = p2e, we conclude |τ(Dw)|2 = p2e−1.
Note that τ(Dw) ∈ Z[ζsm ] and ords(p) is even by assumption. Hence 2e− 1 is
even by Result 2.5, a contradiction. This shows g = 1.
As g = 1 and ℓ = 0, we get
Dh = Dw(Cp − 1) + Y (Cp) = −Dw + Cp(Y +Dw) (4)
from (3). Suppose that k ∈ Cw has coefficient c1 in Dw with |c1| > 2a. As
Dh is an ICWa(v, p
2e), this implies that k has a coefficient c2 in Cp(Y +Dw)
with |c2| > a. But then the coefficient c3 of kγpb−1 in Dh satisfies |c3| > a
by (4). This contradicts the assumption that D is an ICWa(v, p
2e). Hence all
coefficients of Dw are at most 2a in absolute value. Let ρ : Z[Cv]→ Z[ζpb ]Z[Cw]
be the homomorphism defined by ρ(k) = k for k ∈ Cw and ρ(γ) = ζpb . Then
ρ(Dh) = −Dw by (4). As ρ(Dh)ρ(Dh)(−1) = p2e, this implies that Dw is an
ICW2a(w, p
2e).
It remains to show p ≤ 4a. Suppose p > 4a. As D is proper by assumption,
we have D 6= −Dw. Write Dh =
∑
k∈Cv dkk and Dw =
∑
k∈Cv ekk, where
ek = 0 if k 6∈ Cw. Note that
∑
k∈Cv
d2k =
∑
k∈Cv
e2k = p
2e. (5)
Suppose the coefficient of z ∈ Cv in Cp(Y + Dw) is c. This implies that the
coefficient of each element of Cpz in Cp(Y +Dw) is equal to c. By (4), we have
dk = −ek + c for all k ∈ Cpz. Furthermore, as Dw ∈ Z[Cw], there is x ∈ Cpz
such that ek = 0 for all k ∈ Cpz, k 6= x. Thus
∑
k∈Cpz
d2k = (−ex + c)2 + (p− 1)c2 = pc2 − 2cex + e2x.
Hence ∑
k∈Cpz
(d2k − e2k) = (pc2 − 2cex + e2x)− e2x = pc2 − 2cex. (6)
We have |ex| ≤ 2a, as Dw is an ICW2a(w, p2e). As p > 4a by assumption, we
have |2ex| < p. Note that the parabola f(t) = pt2 − 2tex attains its minimum
for t = ex/p and we have |ex/p| < 1. As c is an integer, we conclude
pc2 − 2cex ≥ min{f(0), f(−1), f(1)} = min{0, p± 2ex} = 0
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with equality if and only if c = 0. Hence
∑
k∈Cpz
(d2k − e2k) ≥ 0 (7)
by (6) with equality if and only if c = 0.
AsD is proper by assumption, we haveDh 6= Dw. Hence there is z ∈ Cv such
that the coefficient of z in Cp(Y +Dw) is nonzero. Hence
∑
k∈Cv d
2
k >
∑
k∈Cv e
2
k
by (7), which contradicts (5). Thus p ≤ 4a.
As a consequence, we have the following result. A weaker version of this
corollary is contained in [8, Thm. 3.1].
Corollary 4.4. Let b, e, w be positive integers where w is odd and let p > 3
be a prime. Suppose that gcd(p − 1, w) = 1 or ords(p) is even for every prime
divisor s of gcd(p− 1, w). Then there is no proper CW (pbw, p2e).
The following corollary shows the non-existence of CW (105, 81), which was
previously an open case in Strassler’s table.
Corollary 4.5. There is no CW (3a5b7c, 32e) for non-negative integers a, b, c
and e > 1.
Proof. Let v = 5b7c and n = 32e. By Theorem 4.3, it is sufficient to show that
ICW2(v, n) does not exist. Suppose a proper ICW2(v, n) exists, denoted by E.
By the F-bound (Result 2.12), we deduce that v is a multiple of 35 and n = 81.
By McFarland’s result, we have that 3 is a multiplier and we may assume that
E(3) = E. (8)
Consider the set of orbits under the map g 7→ g3 on Cv. Equation (8) implies
that elements in the same orbit share a common coefficient in E. There is one
orbit of size 1, and for each pair of 1 ≤ i ≤ b, 1 ≤ j ≤ c, there is one orbit
of size ord5i(3) = 4.5
i−1, one orbit of size ord7j (3) = 6.7j−1 and two orbits
of size ord5i7j (3) = 12.5
i−17j−1. Since the support of E does not exceed 81,
elements in orbits of size greater than 81 should have coefficients 0 in E. Since
E is proper by assumption, we conclude that b ≤ 2 and c ≤ 1. If v = 527, then
the support of E must contain exactly one orbit of elements of order 175. The
size of this orbit is 60. By considering the natural projection ρ : C175 → C35,
we see that the support of ρ(E) will contain 12 elements, each with coefficient
5. Then the sum of the squares of the coefficients in ρ(E) will exceed 81. This
gives a contradiction because the image ρ(E) is also an integer weighing matrix
with weight 81. So, v = 35. We sort the orbits in non-decreasing order of the
orbit size and let ci denote the coefficient of gi in E, where gi is an element in
the i-th orbit. By replacing E with −E if necessary, we may assume that the
12
sum of the coefficients in E is 9. We derive the following equations using the
relations between the weight and the coefficients of E:
9 = c1 + 4c2 + 6c3 + 12c4 + 12c5, (9)
81 = c21 + 4c
2
2 + 6c
2
3 + 12c
2
4 + 12c
2
5. (10)
It can be verified that there is no solution to (9) and (10) with |ci| ≤ 2 for all i.
This gives a contradiction.
4.2 Generalized Multiplier Method
In this section, we present a collection of non-existence results derived using
the generalized multiplier theorems presented in Section 3. These non-existence
results correspond to some previously open cases in Strassler’s table and in [4].
Theorem 4.6. Let a, d, k, u be positive integers and let p be an odd prime. Let
G be an abelian group of exponent upd. If the following conditions hold, then
there is no G-invariant IWa(|G|, k2).
(a) u, p and k are pairwise coprime.
(b) k > a and k is self-conjugate modulo u.
(c) There is an integer t coprime to upd such that σt fixes all prime ideal divisors
of k in Z[ζupd ] and satisfying ordp(t) > k + a.
Proof. Write G = U × V where V is the Sylow p-subgroup of G. Assume there
exists a G-invariant IWa(|G|, k2), denoted by E. Let ρ be the natural projection
of G to U . Then ρ(E) is also an integer weighing matrix of weight k2.
By conditions (a) and (b), we can use Result 2.1 and Result 2.6 to show that
ρ(E) = k, up to equivalence. By condition (c), we can use Result 3.2 to show
that t is a multiplier of E. Hence, we may replace E by a translate and assume
that
ρ(E) = k, (11)
and
E(t) = E. (12)
For each g ∈ G, let ag denote the coefficient of g in E. Then (11) implies that
∑
g∈V
ag = k, (13)
and (12) implies that
ag = agt
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for all g ∈ V . Consider the sequence of orbits under the map g 7→ gt on V ,
sorted in non-decreasing order of the orbit size. Let si denote the size of the
i-th orbit, and ci denote the coefficient of gi in E, where gi is an element in the
i-th orbit. Then (13) becomes
∑
cisi = k.
Note that if si > 1, then si is a multiple of w := ordp(t). Hence, there is an
integer M such that
c1 + wM = k.
Note that |c1| ≤ a by definition and k > a by assumption. We deduce M is
non-zero and thus w divides k − c1. That is
w ≤ |k − c1| ≤ k + a.
This contradicts the original assumption where w > k+ a. Hence, no G- invari-
ant IWa(|G|, k2) exists.
The following result is a direct consequence of Theorem 4.6. We use this
result to rule out some previously open cases.
Corollary 4.7. Let a, d, m, n, u be positive integers, and let p, q, r be distinct
primes where p is odd. Let
w = gcd
(
ordp(q)
gcd(ordu(q), ordp(q))
,
ordp(r)
gcd(ordu(r), ordp(r))
)
.
Let H be an abelian group of exponent upd. Let G be an abelian group such that
G/N is isomorphic to H, where N is a subgroup of G of order a. If the following
conditions hold, then there is no G-invariant IW (a|H |, k2), where k = rmqn.
(a) u, p, q and r are pairwise coprime.
(b) k is self-conjugate modulo u.
(c) a < k < w − a.
Proof. Let t to be an integer such that t ≡ 1 mod u and ordp(t) = w. Then the
assertion follows directly from Theorem 4.6.
Corollary 4.8. Let k be a product of powers of 2 and 5 and c ≥ 0. Then there
is no CW (2c79d, k2) for any d ≥ 1, k > 25 and 2c < k < 39− 2c.
Corollary 4.9. Let d ≥ 1, p, k, c and e be as listed in the following. Let
G be an abelian group of order 2c+epd and exponent 2cpd. Then there is no
G-invariant IW (|G|, k2).
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1. p = 11, k = 3, 0 ≤ c ≤ 2 and e = 0.
2. p = 19, k = 5, 0 ≤ c ≤ 1 and e = 1.
3. p = 23, k = 3, 0 ≤ c ≤ 2 and e = 2, or k = 9, 0 ≤ c ≤ 2 and e = 0, or
k = 6, c = 0 and e = 1.
The following theorem extends Theorem 4.6 to the cases of IWa(v, n) where
v and n are not coprime.
Theorem 4.10. Let a, u, d, k be positive integers and p be odd prime. Let G
be an abelian group of order upd
′
and exponent upd. If the following conditions
hold, then there is no G-invariant IWa(up
d′ , k2).
(a) gcd(u, p) = gcd(p, k) = 1.
(b) There exists an integer t such that
(i) σt fixes all prime ideal divisors of k in Z[ζupd ],
(ii) t ≡ 1 mod u,
(iii) Let w = ordp(t). Either k is self-conjugate modulo u and 2
δ(u)a < k <
w − 2δ(u)a or ua√
ϕ(u)
< k < w
2
√
ϕ(u)
.
Proof. Write G = U × V where V is the Sylow p-subgroup of G. Assume there
exists a G-invariant IWa(|G|, k2), denoted by E. Let χ be a character of U of
order u. Define a homomorphism κ : Z[G]→ Z[ζu][V ], such that κ(h) = χ(h) for
all h ∈ U and κ(g) = g for all g ∈ V . Let X = κ(E). Then X =∑g∈V Xgg is in
Z[ζu][V ] andXX = k
2. By Theorem 3.4 and Corollary 3.6, we haveXt = X and
hence Xg = Xgt . Let ρ be the trivial character of V . Then ρ(X) =
∑
g∈V Xg
and ρ(X)ρ(X) = k2. Consider the sequence of orbits under the map g 7→ gt on
V . Note that the size of a non-trivial orbit is divisible by w. We derive
ρ(X) = X1 + wY (14)
for some Y ∈ Z[ζu].
We use the integral basis B of Q(ζu) over Q as defined in Result 2.8.
Claim 1: (a) Write X1 =
∑u−1
i=0 biζ
i
u. Then |bi| ≤ a.
(b) Write X1 =
∑
x∈B cxx. Then |cx| ≤ 2δ(u)a for all x ∈ B.
Claim 1(a) is true because X1 = χ(E ∩U) and each coefficient of E is bounded
by a in absolute value. Claim 1(b) follows from Claim 1(a) and Result 2.8.
Claim 2: If k is self-conjugate modulo u then ρ(X) = k.
By conditions (i) and (ii), one can use Result 2.6 and Result 2.3 to show that
ρ(E) = k, up to equivalence. Hence, we may replace X by a translate so that
ρ(X) = k is satisfied as well.
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Claim 3: Y 6= 0.
Suppose Y = 0. Then X1 = ρ(X) from (14). By Claim 1(a) and using the
F-bound (Result 2.12), we have k ≤ ua√
ϕ(u)
. Thus, by assumption, k is self-
conjugate modulo u and k > 2δ(u)a. Then it follows from Claim 2 that ρ(X) = k.
Hence, X1 = k. Now we view X1 in terms of the integral basis B as shown in
Claim 1(b). It follows from the uniqueness of a basis representation that c1 = k.
Subsequently, by Claim 1(b), k ≤ 2δ(u)a. This gives a contradiction and hence,
Y 6= 0.
Up to now, we have shown that ρ(X) − X1 is a non-zero element in Z[ζu]
which is divisible by w. By [21, Chapter 4, Thm. 2.1], we have |X1| ≤ k. Hence∑
(|ρ(X)−X1|2)σ ≤ 4k2ϕ(u) where the sum runs over Gal(Q(ζu)/Q). But this
sum is divisible by w2, so k ≥ w
2
√
ϕ(u)
. Hence, by assumption, k is self-conjugate
modulo u and k < w − 2δ(u)a. Recall that this implies ρ(X) = k, see Claim
2. Expressing all terms of ρ(X) in their basis representations, we deduce that
k− c1 is divisible by w. Note that k− c1 6= 0, for otherwise Y = 0. This implies
w ≤ |k − c1| ≤ k + 2δ(u)a. That is, k ≥ w − 2δ(u)a. This gives a contradiction.
Hence, no G-invariant IWa(up
d′ , k2) exists.
The following result is a direct consequence of Theorem 4.10. It rules out
some infinite families of circulant weighing matrices which include two previ-
ously open cases CW (138, 36) and CW (184, 64).
Corollary 4.11. Let a, c, d, d′, m, n be positive integers. Let p, q and r be
distinct primes where p and q are odd. Let
w = gcd
(
ordp(q),
ordp(r)
gcd(ordqc(r), ordp(r))
)
.
Let H be an abelian group of order qcpd
′
and exponent qcpd. Let G be an abelian
group and N is a subgroup of G of order a such that G/N is isomorphic to H.
If ordq(r) is even and 2a < k < w − 2a or aq
c√
ϕ(qc)
< k < w
2
√
ϕ(qc)
, then there is
no G-invariant IW (aqcpd
′
, k2) where k = rmqn.
Corollary 4.12. Let b ∈ {0, 1}. Then CW (2b3c23d, 36) and CW (2c23d, 64) do
not exist for any c, d ≥ 1.
For v = 2cpd and k = 2m3n, we derive the following stronger version of
Theorem 4.10. Specifically, we remove the self-conjugacy assumption stated in
b(iii) of Theorem 4.10. Note that if n ≥ 1, then k is not self-conjugate modulo
2c if c ≥ 3. We need the following lemma, see [39, Thm. 3.3.15].
Lemma 4.13. Let m and n be positive integers and k = 2m3n. Let Y ∈ Z[ζ8]
such that |Y |2 = k2. Let B = {1, ζ8, ζ28 , ζ38}. Then there is a root of unity η
such that Y η =
∑
x∈B dxx satisfies the following:
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1. If m > 0, then there exists x ∈ B such that |dx| > 2.
2. If m = 0 and n ≥ 2, then either Y η = ±k or |dx| > 2 for all x ∈ B.
Theorem 4.14. Let m, n, c, d be positive integers, and p > 3 be prime. Define
w = gcd
(
ordp(3)
gcd(ordp(3), ord2c(3))
, ordp(2)
)
.
Let k = 2m3n such that k < w−2 and n ≥ 2 if m = 0. Let G be an abelian group
of order 2cpd
′
and exponent 2cpd. Then there is no G-invariant IW (2cpd
′
, k2).
Proof. Let t be an integer such that t ≡ 1 mod 2c and ordp(t) = w. Then σt
fixes all prime ideal divisors of k in Z[ζ2cpd ]. Following the same notations and
the same arguement as in Theorem 4.10, we arrive at the following equation,
ρ(X) = X1 + wY.
for some Y ∈ Z[ζ2c ]. Note that ρ(X) ∈ Z[ζ2c ] and ρ(X)ρ(X) = k2. Using
Definition 2.10, we see that F (2c, k2) divides 8 and hence by Result 2.11, we
may replace X by a translate so that ρ(X) ∈ Z[ζ8]. Let B be the integral
basis of Q[ζ2c ] over Q as defined in Result 2.8. Write X1 =
∑
x∈B cxx and M =∑
x∈BMxx where cx andMx are integers. We have ρ(X) =
∑
x∈B(cx+wMx)x.
Let dx = cx+wMx for each x ∈ B. By Lemma 4.13 and by replacing X with a
suitable translate, we deduce that there is an x such that |dx| > 2. By definition,
|cx| ≤ 2. Hence, for this x, Mx is non-zero and w divides the non-zero element
dx − cx. By Corollary 2.9, |dx| ≤ k. Thus, w ≤ |dx| + |cx| ≤ k + 2. But by
assumption, w > k + 2. Hence, no G-invariant IW (2cpd
′
, k2) exists.
Theorem 4.14 is used to rule out the following infinite families of circulant
weighing matrices which include the open case CW (184, 36).
Corollary 4.15. There is no CW (2c23d, 36) for any c ≥ 1 and d ≥ 1.
All previous theorems show that, for some parameters v and k, if k falls into
a bound, then IW (v, k) can not exist. The upper bound is determined by the
order of a multiplier of IW (v, k). The following deals with a special case of
infinite families of circulant weighing matrices which further improve the upper
bound.
Theorem 4.16. Let a, u, d, k be positive integers and p be odd prime congruent
to 3 mod 4. If the following conditions hold, then there is no ICWa(up
d, k2).
(a) gcd(u, p) = gcd(p, k) = 1.
(b) k > 2δ(u)a.
(c) If d > 1, then p > 2(k+2
δ(u)a)
p−1 + 2
δ(u)+1a, else p > 2δ(u)+1a+ 1.
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(d) k is self-conjugate modulo u.
(e) There exists an integer t such that
(i) σt fixes all prime ideal divisors of k in Z[ζupd ].
(ii) t ≡ 1 mod u.
(iii) ordp(t) =
p−1
2 .
(iv) t
p−1
2 6≡ 1 mod p2 if d > 1.
(f) For each integer M that satisfies 1 ≤ |M | ≤ 2δ(u)+1a and
∣∣k −M p−12 ∣∣ ≤
2δ(u)a, we have M(4k −Mp) is coprime with u and is square free.
Proof. Assume there exists an ICWa(up
d, k2), denoted by E. Let ρ be the
trivial character of Cpd . We can show that there exists X ∈ Z[ζu][Cpd ] such
that XX = k2, X(t) = X and ρ(X) = k. Consider the sequence of orbits
D0, D2, . . . , D2d under the map g 7→ gt on Cpd , sorted in non-decreasing order
of the orbit size. Then ρ(X) can be expressed as
ρ(X) =
2d∑
i=0
Yi|Di|
where Yi ∈ Z[ζu]. Since ρ(X) = k, by comparing the coefficients on both side of
the equations in their basis representations, and using conditions (b) and (c),
one can show that
k = Y0 + w(Y1 + Y2) (15)
where Y0 and Y1+Y2 are integers. Furthermore, Y1+Y2 satisfies the conditions
ofM in (f). Hence, we letM = Y1+Y2. Let χ be a character of Cpd of order p
d.
Using the evaluation of Gauss sums (see [23, Thm. 1, p. 75]), we can deduce
that χ(D1) =
−1+√−p
2 , χ(D2) =
−1−√−p
2 and χ(Di) = 0 for all i ≥ 3. Then
χ(E) = Y0 + Y1
(−1 +√−p
2
)
+ Y2
(−1−√−p
2
)
.
A direct computation shows that
χ(E)χ(E) =
(
c1,0 − 1
2
M
)2
+
p
4
(Y1 − Y2)2.
Substituting χ(E)χ(E) = k2, we deduce
(Y1 − Y2)2 = 4
p
(
k2 −
(
c1,0 − 1
2
M
)2)
.
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In view of (15), we obtain
(Y1 − Y2)2 = M(4k − pM).
Since M(4k − pM) is coprime with u and is square free by assumption, we
conclude thatM(4k−pM) is unramified overQ[ζu]. In other words,M(4k−pM)
is not a square but (Y1 − Y2)2 is a square. Hence, they cannot be equal, a
contradiction.
In the following, we present some applications of Theorem 4.16 to rule out
some previously open cases. In particular, we settle the cases CW (112, 64),
CW (133, 100), CW (184, 81) and CW (190, 100) which were previously open in
Strassler’s table.
Corollary 4.17. CW (v, k2) do not exist for the following v and k.
1. When k = 8, v = 2cp, c ≥ 1 and p = 7, 19.
2. When k = 9, v = 2b3cpd, b ∈ {0, 1}, c ≥ 1, d ≥ 1 and p = 23, 47, 59, 71, 83.
3. When k = 10, v = 2b5cpd, b ∈ {0, 1}, c ≥ 1, d ≥ 1 and p = 19, 23, 47, 59, 79, 83.
4. When k = 10, v = 7bpd, b ∈ {0, 1}, d ≥ 1, and p = 19, 23.
Corollary 4.18. Let G be an abelian group of order 2c+111d and exponent 2c11d
where d ≥ 1 and 0 ≤ c ≤ 2. Then there is no G-invariant IW (2c+111d, 36).
We can further modify the conditions in Theorem 4.16 to rule out the fol-
lowing infinite families of circulant weighing matrices, which includes the open
case CW (184, 81).
Corollary 4.19. There is no CW (2c23d, 81) for any c ≥ 0 and d ≥ 1.
Proof. Let t be an integer such that t ≡ 3ord2c (3) mod 2c23d. Then all the
conditions in Theorem 4.16 are satisfied except that 9 is not self-conjugate
modulo 2c. Let ρ and X be as defined in Theorem 4.16. If we can show that
ρ(X) = 9 up to multiplication with a root of unity, then the assertion follows
from Theorem 4.16.
Let B, cx, dx and Mx be as defined in the proof of Theorem 4.14. We see
that for each x ∈ B,
cx + 11Mx = dx. (16)
Note that by Corollary 2.9, |dx| ≤ 9 for all x ∈ B. By Lemma 4.13, we have
either |d1| = 9 and |dx| = 0 for all x 6= 1 or 2 < |dx| < 9 for all x ∈ B. By
definition, |cx| ≤ 2 for all x ∈ B. In view of (16), we deduce that |d1| = 9 and
dx = 0 for all x 6= 1. That is, ρ(X) = ±9.
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In the following, we use a multiplier thorem to find all solutions of ICW2(77, 100),
and subsequently rule out the open case CW (154, 100) from Strassler’s table.
Theorem 4.20. Let E = ICW2(77, 100). Let α and β be elements in C77 of
order 7 and 11, respectively. Then
E = ±(2D1(−∆+ 1) +D2(∆− 1))σg
where D1 = β+β
3+β4+β5+β9, D2 = β
2+β6+β7+β8+β10, ∆ = α+α2+α4,
and σ is an automorphism of C77 and g ∈ C77.
Proof. Define a homomorphism κ : Z[C77] → Z[ζ7][C11], such that κ(α) = ζ7
and κ(β) = β. Let X = κ(E). It is straightforward to show that 9 is a multiplier
and hence we can assume X(9) = X. Consequently, we can write
X =
∑
i∈{0,1}
j∈{0,1,2}
mi,jγiDj , −4 ≤ mi,j ≤ 4 for all i, j, (17)
where γ0 = ζ7 + ζ
2
7 + ζ
4
7 , γ1 = ζ
3
7 + ζ
5
7 + ζ
6
7 , and D0 = 1.
Let ρ be the trivial character of C11. Note that ρ(X) = γ0(m0,0 + 5m0,1 +
5m0,2) + γ1(m1,0 + 5m1,1 + 5m1,2) ∈ Z[ζ7], and
ρ(X)ρ(X) = 100. (18)
Since 5 is self-conjugate modulo 7, by Result 2.6, we have ρ(X) ≡ 0 mod 5 and
hence,
γ0m0,0 + γ1m1,0 ≡ 0 mod 5.
Since m0,0 and m1,0 are restricted to {0,±1, . . . ,±4}, we must have m0,0 =
m1,0 = 0. Solving equation (18), we get
(m0,1 +m0,2,m1,1 +m1,2) ∈ {±(1, 2),±(2, 1),±(2, 2)} . (19)
Let χ be a character of C11 of order 11 such that χ(D1) =
−1+√−11
2 and
χ(D2) =
−1−√−11
2 . Then,
χ(X) = ±Y +
√−11
2
(γ0(m0,1 −m0,2) + γ1(m1,1 −m1,2))
where Y ∈ { γ02 + 1, γ12 + 1, 1} . Using the solutions in (19) to solve χ(X)χ(X) =
100, we have X is equivalent to one of the following:
X ∈ {4D1 − 2D2, 2D1(−γ0 + 1) +D2(γ0 − 1)} .
Using [25, Thm. 2.2], we can deduce that Ker(κ) = {〈α〉Z|Z ∈ Z[C11]} .
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Suppose X = 4D1−2D2. Then E = 4D1−2D2+〈α〉Z for some Z ∈ Z[C11].
Since the coefficients of E lie between −2 and 2, we can rewrite E as follows:
E = (4 − 2〈α〉)D1 − 2D2 + 〈α〉Z ′,
where Z ′ ∈ Z[C11] such that supp(Z ′) ⊂ D2 ∪ {1}. Let η be the natural homo-
morphism from C77 to C11. We compute W = η(E) = −10D1 − 2D2 + 7Z ′.
Since WW (−1) = 100,
100 =
10∑
i=0
(coeff. of βi in W )2 ≥
∑
h∈supp(D1)
(coeff. of h in W )2 = 500.
A contradiction. So, X = 2D1(−γ0 + 1) +D2(γ0 − 1) and hence
E = 2D1(−∆+ 1) +D2(∆− 1) + 〈α〉
10∑
i=0
biβ
i
where bi are integers. Again, since the coefficients of E lie between −2 and 2,
we deduce that
b0 ∈ {0,±1,±2}, b1 = b3 = b4 = b5 = b9 = 0, and bi ∈ {0,±1} for all i ∈ S
(20)
where S = {2, 6, 7, 8, 10}.We computeW = η(E) = −4D1+2D2+7
(∑
i∈{0}∪S biβ
i
)
.
Again, since WW (−1) = 100, we get
100 =
10∑
i=0
(coeff. of βi in W )2
= 80 +
∑
i∈{0}∪S
(coeff. of βi in W )2
This gives
20 =
∑
i∈{0}∪S
(coeff. of βi in W )2
= (7b0)
2 +
∑
i∈S
(7bi + 2)
2.
By (20), we get bi = 0 for all i ∈ {0} ∪ S. Thus,
E = 2D1(−∆+ 1) +D2(∆− 1).
Using Theorem 4.20, we rule out the existence of CW (154, 100). This
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can be proved by showing that the ICW2(77, 100) can not be lifted to give
CW (154, 100). We omit the proof here. The reader may refer to [39, Thm.
3.3.19].
Theorem 4.21. There is no CW (154, 100).
4.3 Weil numbers
In this subsection, we utilize rational idempotents, algebraic number theory,
and computer programs such as Magma and PARI to rule out the existence of
CW (60, 36), CW (120, 36) and CW (155, 36). We exclude most of the details in
the proof. The reader may refer to [39, Section 3.3.3] for the details.
Theorem 4.22. Let S = CW (60, 36) and χ be a character of C60 of order 60.
Then χ(S) is equivalent to θ1 or θ2 as defined in the following:
θ1 = −3ζ1560 − 2ζ1460 + ζ1160 + 2ζ1060 + ζ960 + 4ζ860 + 2ζ660 + 5ζ560 + 2ζ460
−4ζ260 − ζ60 − 4,
θ2 = −ζ1560 + ζ1460 − 3ζ1160 − ζ1060 − 3ζ960 − 2ζ860 − ζ660 + 5ζ560 − ζ460
+2ζ260 + 3ζ60.
Proof. Note that χ(S) satisfies χ(S)χ(S) = 36. Using computer assistance, we
obtain all Weil number solutions X ∈ Z[ζ60] to the modulus equation XX = 36.
We have X is equivalent to one of the following: θ1, θ2, 2(ζ
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60 − 2ζ1160 − 2ζ960 +
2ζ60+2), 3(ζ
14
60 +ζ
10
60 +2ζ
8
60+ζ
6
60+ζ
4
60−2ζ260−2) or 6. So, if X is not equivalent
to θ1 or θ2, then X is either divisble by 2 or is divisible by 3.
Suppose χ(S) divisible by 3. By Result 2.7,
S = 3X1 + C3X2
for some X1, X2 in Z[C60]. But this means that the coefficients of S are constant
modulo 3 on each coset of C3. Since S has coefficients 0,±1 only, this shows
that, in fact, that the coefficients of S are constant on each coset of C3. Thus
S = C3Z for some Z ∈ Z[C60]. But τ(S) = 0 for all character τ of C60 which is
trivial on C3. This contradicts SS = 36. Hence, χ(S) is not divisible by 3.
Now, suppose χ(S) is divisible by 2. By Result 2.7,
S = 2X1 + C2X2
for some X1, X2 in Z[C60]. Let g be the element of order 2 in C60 and let
ρ : C60 → C60/〈g〉 be the natural epimorphism. By [35, Lem. 6.2],
S = (1− g)X + (1 + g)Y
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with X,Y in Z[C60] and ρ(Y ) is a CW (30, 9). But CW (30, 9) does not exist,
see [3]. Hence, χ(S) is not divisible by 2.
Theorem 4.23. There is no CW (60, 36).
Proof. Suppose S is a CW (60, 36). Let U = ρ(S) where ρ is the natural homo-
morphism from C60 to C12. Then S can be expressed as
S =
1
5
C5U +
1
5
(5− C5)V, (21)
where
V =
α5
12
C12 +
α10
12
(2C2 − C4)C3 + α15
12
C4(3− C3) + α20
6
(2− C2)(C3)
+
α30
12
(2C2 − C4)(3− C3) + α60
6
(2− C2)(3− C3)
with αw ∈ Z[Cw]. Let χw be a character of C60 of order w and letXw = χw(αw).
We have Xw ∈ Z[ζw] and XwXw = 36. Suppose we know all such solutions Xw,
we can determine αw and hence enumerate all possibilities of V in (21). In
the following, we shall characterize all solutions of Xw up to equivalence. From
Theorem 4.22, X60 is equivalent to θ1 or θ2. With computer assistance, we
deduce that X30 is equivalent to 3(1 − 2ζ30 − ζ230 + ζ330 − 2ζ430 + ζ530 − ζ730) or
6, X20 is equivalent to 2(2 − 2ζ320 + ζ520 − 2ζ720) or 6, and X15 is equivalent to
3(1− 2ζ15 − ζ215 + ζ315 − 2ζ415 + ζ515 − ζ715) or 6. Since 6 is self-conjugate modulo
to both 5 and 10, Result 2.6 implies that X5 and X10 are equivalent to 6.
In view of (21), we have (5−C5)V is in Z[C60]. However, by direct analysis
of all possible combinations of Xw in V , we find that (5−C5)V is not integral.
Hence, S can not be CW (60, 36).
We remark that a different argument using intensive computer searches was
presented in [17], which yields the same conclusion.
The argument in Theorem 4.23 can be extended to get all ICW2(60, 36).
With computer assistance, we classified all ICW2(60, 36) up to equivalence. We
also found all solutions of XX = 36 for X ∈ Z[ζ120] using computer. There are
24 of these solutions, up to equivalence. We use these ICW2(60, 36) and Weil
numbers solutions to show that no CW (120, 36) exists. The reader may refer
to [39, Thm. 3.3.26] for the details.
Theorem 4.24. There is no CW (120, 36).
Theorem 4.25. There is no CW (155, 36).
Proof. Suppose D is a CW (155, 36). Let χw be a character of C155 of order
w. Since 2 is self-conjugate modulo 5, we have χ5(D) ≡ 0 mod 2. With the
23
help of computer, we deduce that the only solution of X ∈ Z[ζ31] satisfying
XX = 36 is equivalent to 6. Hence, χ31(D) ≡ 0 mod 2. Furthermore, with
computer assistance, we deduce that there are only two non-equivalent solutions
of X ∈ Z[ζ155] satisfying XX = 36. Both of the solutions are divisible by 2.
Hence, χ155(D) ≡ 0 mod 2 as well. Since χw(D) ≡ 0 mod 2 for all divisors w of
155, by Result 2.1, we must have all the coefficients of D divisible by 2. But
this violates the definition of D being CW (155, 36). Contradiction.
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A Updated Strassler’s table
Here, we provide the most updated version of Strassler’s table, see Table 3.
We incorporated all latest results known so far, see [9, 10, 27, 26, 35, 42, 5].
Previously open cases that we have settled in this paper are labeled with “N”.
Those are CW (v, n) for the following pairs of (v, n): (60, 36), (120, 36), (138, 36),
(155, 36), (184, 36), (128, 49), (112, 64), (147, 64), (184, 64), (105, 81), (117, 81),
(184, 81), (133, 100), (154, 100), (158, 100), (160, 100), (176, 100), (190, 100), and
(192, 100). In the table, we also indicate which cases of CW (v, n) with n > 25
that can be proved to be non-existent by the results presented in this paper. All
CW (v, n)s with n ≤ 25 have been completely classified, see [3, 19, 6, 7, 18, 38].
We use the following labels: (A) for Theorem 4.2, (B) for Theorem 4.6, (C) for
Theorem 4.10, (D) for Theorem 4.14, (E) for Theorem 4.16, (F) for Theorem
4.21, (G) for Theorem 4.3 (H) for Theorem 4.23, (I) for Theorem 4.24, (J) for
Theorem 4.25.
In addition, we solved some open cases in the table of group invariant weigh-
ing matrices of [4], where the group is abelian but non-cyclic. Table 4 summa-
rizes our results. Note that an abelian group G = Cv1 × Cv2 × . . . × Cvr is
represented by [v1, v2, . . . , vr] in the table.
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Table 3: Updated Strassler’s table of circulant weighing matrices
s 1 2 3 4 5 6 7 8 9 10
v
1 Y · · · · · · · · ·
2 Y · · · · · · · · ·
3 Y · · · · · · · · ·
4 Y Y · · · · · · · ·
5 Y · · · · · · · · ·
6 Y Y · · · · · · · ·
7 Y Y · · · · · · · ·
8 Y Y · · · · · · · ·
9 Y · · · · · · · · ·
10 Y Y · · · · · · · ·
11 Y · · · · · · · · ·
12 Y Y · · · · · · · ·
13 Y · Y · · · · · · ·
14 Y Y · · · · · · · ·
15 Y · · · · · · · · ·
16 Y Y · · · · · · · ·
17 Y · · · · · · · · ·
18 Y Y · · · · · · · ·
19 Y · · · · · · · · ·
20 Y Y · · · · · · · ·
21 Y Y · Y · · · · · ·
22 Y Y · · · · · · · ·
23 Y · · · · · · · · ·
24 Y Y Y · · · · · · ·
25 Y · · · · · · · · ·
26 Y Y Y · · · · · · ·
27 Y · · · · · · · · ·
28 Y Y · Y · · · · · ·
29 Y · · · · · · · · ·
30 Y Y · · · · · · · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
31 Y · · Y Y · · · · ·
32 Y Y · · * · · · · ·
33 Y · · · Y · · · · ·
34 Y Y · · · · · · · ·
35 Y Y · · · · · · · ·
36 Y Y · · · · · · · ·
37 Y · · · · · (F) · · · ·
38 Y Y · · · · (F) · · · ·
39 Y · Y · · · · · · ·
40 Y Y · · * · · · · ·
41 Y · · · · · · · · ·
42 Y Y · Y · · · · · ·
43 Y · · · · · (F) · · · ·
44 Y Y · · · · (E) · · · ·
45 Y · · · · · · · · ·
46 Y Y · · · · (F) · · · ·
47 Y · · · · · (F) · · · ·
48 Y Y Y · * Y [35] · · · ·
49 Y Y · · · · · [26] · · ·
50 Y Y · · · · · · · ·
51 Y · · · · · · (C) · · ·
52 Y Y Y · · Y · (C) · · ·
53 Y · · · · · (F) · (C) · · ·
54 Y Y · · · · * (A) · · ·
55 Y · · · · · (E) · (C) · · ·
56 Y Y · Y · · · [26] · · ·
57 Y · · · · · (C) Y · · ·
58 Y Y · · · · (F) · · · ·
59 Y · · · · · (F) · (C) · · ·
60 Y Y · · · N (H) · · · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
61 Y · · · · · (F) · (C) · · ·
62 Y Y · Y Y · · (C) · · ·
63 Y Y · Y · · N [26] (A) · · ·
64 Y Y · · * · * (A) · · ·
65 Y · Y · · · · (C) · (C) · ·
66 Y Y · · Y · (E) · · · ·
67 Y · · · · · (F) · (C) · (F) · ·
68 Y Y · · · · · (C) · · ·
69 Y · · · · · (C) · (C) · (C) · ·
70 Y Y · Y · * · [26] · · ·
71 Y · · · Y · (F) · (C) · (F) · ·
72 Y Y Y · · · * · · ·
73 Y · · · · · · (C) Y · ·
74 Y Y · · · · (F) · (C) · (F) · ·
75 Y · · · · · · · · ·
76 Y Y · · · · (F) * · (F) · ·
77 Y Y · · · · · [26] · · ·
78 Y Y Y · · Y · (C) · (C) · ·
79 Y · · · · · (F) · (C) · (F) · ·
80 Y Y · · * · * · · ·
81 Y · · · · · · · · (B) ·
82 Y Y · · · · · (C) · (F) · ·
83 Y · · · · · (F) · (C) · (F) · (F) ·
84 Y Y · Y · · · [26] Y · ·
85 Y · · · · · · (C) · · (C) ·
86 Y Y · · · · (F) · · (F) · (F) ·
87 Y · · · · · (C) Y · (C) · (C) ·
88 Y Y · · * · (E) · (C) · [5] (E) · ·
89 Y · · · · · (F) · (C) · (F) · (F) ·
90 Y Y · · · · * * · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
91 Y Y Y · · Y · [26] · Y ·
92 Y Y · · · · (F) · (C) · (F) · (C) ·
93 Y · · Y Y · · (C) · · (C) ·
94 Y Y · · · · (F) · (C) · (F) · (F) ·
95 Y · · · · · (C) * · (C) · (C) ·
96 Y Y Y · * Y * · · ·
97 Y · · · · · (F) · (C) · (F) · (F) ·
98 Y Y · Y · · · [26] · · ·
99 Y · · · Y · (E) · · [5] (C) · ·
100 Y Y · · · · · · · ·
101 Y · · · · · (F) · (C) · (F) · (F) · (C)
102 Y Y · · · · · (C) · · (C) ·
103 Y · · · · · (F) · (C) · (F) · (F) · (C)
104 Y Y Y · · Y · (C) · (F) ? ·
105 Y Y · Y · ? · [26] · N (B) ·
106 Y Y · · · · (F) · (C) · (F) · (F) · (C)
107 Y · · · · · (F) · (C) · (F) · (F) · (C)
108 Y Y · · · · · · · ·
109 Y · · · · · (F) · (C) · (F) · (F) ·
110 Y Y · · · [27] · (E) · (C) · (E) ? · [9]
111 Y · · · · · (C) · · (C) · (C) · (C)
112 Y Y · Y · [42] ? · [26] N (E) · ?
113 Y · · · · · (F) · (C) · (F) · (F) · (C)
114 Y Y · · · · (E) Y · (C) · (C) · (E)
115 Y · · · · · (C) · (C) · (C) · (C) · (E)
116 Y Y · · · · (F) ? · (F) · (F) ·
117 Y · Y · · [42] ? · · (C) N (A) ·
118 Y Y · · · · (F) · (C) · (F) · (F) · (C)
119 Y Y · · · · · [26] · (E) · (C) · (E)
120 Y Y Y · · [27] N (I) ? · · ?
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
121 Y · · · · · · (C) · (C) Y ·
122 Y Y · · · · (F) · (C) · (F) · · (C)
123 Y · · · · · · (C) · (C) · · (C)
124 Y Y · Y Y · · (C) Y · (F) Y
125 Y · · · · · · · · (B) ·
126 Y Y · Y · · N [26] (A) Y[2] · ·
127 Y · · · · · · (C) Y · (F) ·
128 Y Y · · · · N (A) ·[35] · ·
129 Y · · · · · (C) · · (C) · (C) · (C)
130 Y Y Y · · Y · (C) · (C) ? ·
131 Y · · · · · (F) · (C) · (F) · (F) · (C)
132 Y Y · · Y · (E) · · ? Y
133 Y Y · · · [42] · · [26] · (C) · (C) N (E)
134 Y Y · · · · (F) · (C) · (F) · (F) · (C)
135 Y · · · · · · · · (B) ·
136 Y Y · · · · · (C) · · (C) ·
137 Y · · · · · (F) · (C) · (F) · (F) · (C)
138 Y Y · · · N (D) · (C) · (C) · (E) · (E)
139 Y · · · · · (F) · (C) · (F) · (F) · (C)
140 Y Y · Y · ? · [26] ? · ·
141 Y · · · · · (C) · (C) · (C) · (C) · (C)
142 Y Y · · Y · (F) · (C) · (F) · (F) Y
143 Y · Y · · ? · (C) · (C) ? ·
144 Y Y Y · · [27] Y [35] ? · · ·
145 Y · · · · · (C) · · (C) · (C) ·
146 Y Y · · · · · (C) Y · (F) ·
147 Y Y · Y · · · [26] N (A) · (B) ·
148 Y Y · · · · (F) · [42] (C) · (F) · (C) · (C)
149 Y · · · · · (F) · (C) · (F) · (F) · (C)
150 Y Y · · · · · · · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
151 Y · · · · · · (C) · (F) · (F) · (C)
152 Y Y · · · [42] · (F) ? · (F) · (C) · (E)
153 Y · · · · · · · · (D) ·
154 Y Y · Y · · [10] · [26] · ? N (G)
155 Y · · Y Y N (J) · (C) · · (C) ?
156 Y Y Y · · [27] Y · (C) · ? ?
157 Y · · · · · (F) · (C) · (F) · (F) · (C)
158 Y Y · · · (F) · (C) · (F) · (F) N (C)
159 Y · · · · · (C) · (C) · (C) · (C) · (C)
160 Y Y · · · [27] · ? · ? N (A)
161 Y Y · · · · · [26] · · (C) · (E)
162 Y Y · · · · · [42] · · ·
163 Y · · · · · (F) · (C) · (F) · (F) · (C)
164 Y Y · · · · · (C) · (F) · · (C)
165 Y · · · Y · · [42] · · ?
166 Y Y · · · · (F) · (C) · (F) · (F) · (C)
167 Y · · · · · (F) · (C) · (F) · (F) · (C)
168 Y Y Y Y · Y · [26] Y · ·
169 Y · Y · · · · (C) · (F) · ·
170 Y Y · · · · · (C) · · (C) ·
171 Y · · · · [42] · Y · (C) · (D) ·
172 Y Y · · · · (C) · · (F) · (F) ·
173 Y · · · · · (F) · (C) · (F) · (F) · (C)
174 Y Y · · · · (D) Y · (C) · (C) ·
175 Y Y · · · · · [26] · (E) · (B) · (E)
176 Y Y · · · · · (C) · (E) · N (A)
177 Y · · · · · (C) · (C) · (C) · (C) · (C)
178 Y Y · · · · (F) · (C) · (F) · (F) ·
179 Y · · · · · (F) · (C) · (F) · (F) · (C)
180 Y Y · · · ? · ? · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
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Table 3 (continued)
s 1 2 3 4 5 6 7 8 9 10
v
181 Y · · · · · (F) · (C) · (F) · (F) · (C)
182 Y Y Y Y · Y · [26] ? Y ?
183 Y · · · · · (C) · (C) · (C) · · (C)
184 Y Y · · · N (F) · (C) N (D) N (E) · (E)
185 Y · · · · · (C) · (C) · (C) · (C) · (C)
186 Y Y · Y Y · · (C) Y · (C) Y
187 Y · · · · · (E) · (C) · (C) · ·
188 Y Y · · · · (F) · (C) · (F) · (F) · (C)
189 Y Y · Y · · N [26] (A) · · (B) ·
190 Y Y · · · [27] · (C) · [42] · (C) · (C) N (E)
191 Y · · · · · (F) · (C) · (F) · (F) · (C)
192 Y Y Y · · [27] Y [35] ? · ·[35] N (A)
193 Y · · · · · (F) · (C) · (F) · (F) · (C)
194 Y Y · · · · (F) · (C) · (F) · (F) · (C)
195 Y · Y · · ? · (C) · (C) ? ?
196 Y Y · Y · · · [26] ? · ·
197 Y · · · · · (F) · (C) · (F) · (F) · (C)
198 Y Y · · Y · (E) · [42] · ? Y[2]
199 Y · · · · · (F) · (C) · (F) · (F) · (C)
200 Y Y · · · · · · · ·
Existence (Y), nonexistence (·), nonexistence found by computer (*), nonexis-
tence shown in this paper (N), and open cases (?) for CW (v, s2)
Table 4: Non-existence of G-invariant Weighing Matrices W (|G|, n)
G n Non-existence Proof
[2, 2, 11] 9 Corollary 4.9
[2, 2, 2, 11] 9 Corollary 4.9
[2, 2, 23] 9 Corollary 4.9
[2, 4, 11] 9 Corollary 4.9
[2, 2, 19] 25 Corollary 4.9
[2, 2, 11] 36 Corollary 4.18
[2, 2, 23] 36 Corollary 4.9
[2, 4, 11] 36 Corollary 4.18
[3, 27] 49 Theorem 4.2
[2, 32] 64 Theorem 4.2
[2, 2, 23] 81 Corollary 4.9
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